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The uniform nearest particle system (UNPS) is studied, which is a continuous- 
time Markov process with state space {0, 1} z~. The rigorous upper bound 
p~mf) = (2 1 )/2 for the order parameter p.~ is given by the correlation identity 
and the FKG inequality. Then an improvement of this bound p i l l  is shown in 
a similar fashion; pa ~< C ( 2 -  l)/{log(2- 1)1 for 2 > 1. Recently, Mountford 
proved that the critical value 2 c = 1. Combining his result and our improved 
bound implies that if the critical exponent/~ exists, it is strictly greater than the 
mean-field value 1 in the weak sense. 
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1. I N T R O D U C T I O N  

T h e  u n i f o r m  nea re s t  pa r t i c l e  sys t em ( U N P S )  is a c o n t i n u o u s  t ime  M a r k o v  
p r oce s s  wi th  s ta te  space  X -  {0, 1 }zl (see C h a p t e r  VI I  of  ref. 1). I t  m a y  be 
t h o u g h t  tha t ,  for  t / e  X, x is v a c a n t  if t / ( x ) =  0, a n d  x is o c c u p i e d  by  a 
pa r t i c l e  if t / (x)  = 1 a t  each  si te x. The  f o r m a l  g e n e r a t o r  ~ is 

g2f(r/) = ~ {q(x )  + fl;.(lx(tl), rx( r / ) ) [1  - r / (x ) ]  } { f ( r / x ) - / ( r / l }  
x e Z  1 
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where 2 is a nonnegative parameter, 

2 
~.( l , r )=l+r_ I (l,r~> 1) 

l~(q)- x -  max{y <xl~(y)= 1} 

rx(q)-min{y > xiq(y)= 1 } - x  

fleX, and q ~ e X i s  defined by qx(y)=~1(y) i f y # x  and q~(x)= 1 -  t/(x). 
In this system, the addition of an extra occupied site to the state of the 

process does not decrease the rate at which any of the vacant sites become 
occupied, and the occupied sites become vacated with a constant rate 1. In 
this sense, the UNPS is an attractive spin system. However it is not a 
reversible system (see Chapter VII, Section 4 of ref, 1 for the conditions of 
the reversible nearest particle systems). 

Let 6i denote the point mass on tl = i (i = 0, 1 ). The fact that 6 o = &oS(t) 
(t ~> 0) implies obviously that the lower invariant measure l imt_~  &oS(t) 
equals 6o, where S(t) is the semigroup corresponding to O. 

On the other hand, the upper invariant measure v ; . - l imt~  ~ 3~S(t) is 
dependent on the value 2(/>0). It is known that v~=3o for 2~<1 (see 
Theorem 5.5, Chapter VII of ref. 1.) Recently, Mountford (2) obtained that 
va #&0 for 2 >  1 in the following more general class of the birth rates 
~x..r(l, r) for 2/> 0 and f e  ~, where 

q~- { / :  [0, 1] ~ [0, oo)[ f (x )=f (1 -x ) foranyxe  [0, 1], 

1 

of(X) dx = 1, xf(x) is a nondecreasing function on [0, 1 ], 

1 dx < } a strictly positive c~ such that ~. x-~f(x) oe there is 
0+ 

and 

13x'f(l'r)==-l+r-1 _ / + r - -  1 

for any ,~>0 and feq~.  In particular, f - 1  (e~) is in the case of the 
UNPS. 

We define p;~ as the expectation with respect to vx of q(x) for a site 
x E Z  l, 
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Note that p;. is independent of x~  Z 1. By the attractiveness of the UNPS, 
p;. is a [0, 1]-valued nondecreasing function of ). (~>0). We take p;o as an 
order parameter of the UNPS. The critical value 2~ = 1 is characterized by 

2c =inf{2 ~>Otpx >0}  

In this paper, we define a critical exponent fl (>0 )  of p~ by 

p~. ~ (2 - s  for 2 > 2r 

where f (2)  ~ g(2) for 2 > 2o means log f(2)/log g(2) ~ 1 as 2 J, 2c. Further- 
more, the critical exponent fl of Pa is said to be strictly greater (resp. less) 
than ]~(>0) in a weak sense if 

lim P~ 0 (resp. oo ) 
~;~.c (2 - 2~) ~ 

On the other hand, the critical exponent fl of p~. is said to be strictly greater 
(resp. less) than j~ (>0 )  in a strong sense if 

lim logpx ~>1  
;.~c log(2 - 2c) 

(resp. <1)  

The objective of the present paper is to give the rigorous upper bound 
for p~ and information on the critical exponent of p~. as 2 approaches 2,:. 
The analysis of the critical exponent has played an important role in 
mathematical physics. 

In Section 2, correlation identities of the UNPS are given. In Sec- 
tion 3, the mean-field upper bound p ~ r ) =  ( 2 - 1 ) / 2  for p~ is obtained by 
using the correlation identity and the F K G  inequality. Then p~m/~ gives the 
critical exponent /3(mY)= 1 of the mean-field type. Combining this bound 
and Mountford's result 2 C = 1, it is concluded that the second-order phase 
transition appears in the UNPS. Furthermore, a similar procedure yields 
that p;~ ~< C ( 2 -  1 ) /[ log(2- 1)l for 2 > 1, in Section 4. That is to say, if the 
critical exponent fl of p~ exists, then it is strictly greater than the mean- 
field critical exponent fl(mf)= 1 in the weak sense. Section 5 is devoted to 
summary and discussions. 

2. CORRELATION IDENTITIES 

We introduce the correlation identities in the UNPS which will be 
used in the next two sections. Let K(nl,  n 2 , . " ,  nN) be the probability of 
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having l's at 0, n~+l ,  nl+n2+2,...,n~+ ... +nN+N and O's at all 
other sites in [0, n~ + ..- + nN+ N], 

K(nl, n2,..., nu) 

i = 1  k i l l  

for any N =  1, 2, . . .  and nl, n2,..., nNe {0, 1,... }. 
It is easy to obtain the following correlation identities in the UNPS. ~ 

Lemma 2.1. In the UNPS, for 2>2c,  

(i) - p ~ + 2  ~ K(k)=O 
k ~ l  

(ii) -K(O)+) .  ~ K(k) 
k k = l  

(iii) - ( 2  +2) K(n) + 
k = l  

- 0  

K(k- l ,n -k )+22 ~ K(k+n~)-O 
k=l k+n 

(n= 1,2,- . .)  

3. M E A N - F I E L D  B O U N D  

In this section, we give a mean-field bound p~F) for p~. by the correla- 
tion identity and the FKG inequality. Let Y -  {A c ZI[ # (A) < ~ }, where 
# (A) is the cardinality of A. Then define, for any A e Y, 

P(A)=- Ev~ [j~A ~/(J)l 

and 

ff(A)=-Ev;~ {jl~I [-1-q(J)]  t 

In particular, p({0})= p;~ and #({0})= 1-p~ .  
For ~ > 2c, a simple calculation yields 

K(k)=p;-p({O, 1}) 
k = l  

(3.1) 
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Therefore, by Lemma 2.1(i) and (3.1), we have 

( 2 - 1 )  p ~ - 2 p ( { 0 ,  1 } ) = 0  (3.2) 

On the other hand, the F K G  inequality gives the following lemma (for 
example, see Theorem 2.13, Chapter III of ref. 1. An application of the 
F K G  inequality to the contact processes was shown in ref. 4): 

k e m m a  3.1. For anyA,  B~Y,  

(i) p(AwB)>~p(A)p(B) 

(ii) 6(A u B) >>, if(A) if(B) 

Applying Lemma 3.1(i) to (3.2) yields 

p~ p~ -:--- ~<0 (3.3) 

Hence, we give the following result. 

Theorem 3.2. For 2/> 1, 

2 - 1  
P~ ~< 2 (3.4) 

In this way, the rigorous upper bound v~.~(mlt = ( 2 -  I)/2 (2 ~> 1) can be 
easily obtained. Fortunately, Mountford showed 2c = 1, so the mean-field 
bound p(~z) implies that the second-order phase transition appears in the 
UNPS. In addition, it has mean-field critical exponent /ymF)= 1. Further- 
more, by using (3.4), we have immediately the next corollary. 

C o r o l l a r y  3.3.  

lim logp~ ~> 1 (3.5) 
~.~1 l o g ( 2 -  1) 

This result means that if p~ ~ (2 - 1 )~ for 2 > 1, then/~ >/1. In the next 
section, more detailed information on fl will be given. 

Remark 3.4. It is easily obtained that (3.4) is satisfied in the more 
general setting of the birth rates /~x,j(l, r) (for any fEq~)  defined in 
Section 1. 
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so that 

By Lemma 2.1(i), we have 

(2+ 1) ~ ( {0 } ) -  1 (4.5) d({0, 1 )= & 

Applying (4.5) and ~({0})= 1 -p~. to (4.4) gives the following lemma. 

kemma  4.1. For 2> 1, 

22 { ~ ~ ({0 ,1 , . . - , k+ l} )}  (4.6) 
px -  22 +)~+ 2 1 - 4  k(k+l)(k+2) 

k = l  

It is remarked that Lemma4.1 can be obtained by Lemma 2.1(iii) 
instead of Lemma 2.1(ii). Using Lemma 3.1(ii) repeatedly, we obtain 

~({0, 1,-.-, k +  1})>~8({0}) k+2 (k= 1, 2,---) (4.7) 

px~<)o2+2+ 2 [1- -4  k=l k(k + 1)(k+ 2)J 
(4.8) 

=0  

(4.4) 

252 

4. IMPROVED BOUND FOR CRITICAL EXPONENT 

To begin, Lemma 2.1(ii) is rewritten as 

K(0)=)~ ~ K(k) (4.1) 
k k = l  

The left side of (4.1) can be written as 

1-2~({0}) + ~({0, 1}) (4.2) 

In a similar fashion, the right side of (4.1) can be written as 

1 2 ~ -s 1,...,k})+5({O, 1,...,k+1})} 
k = l  

3 = 26({0}1-~2ff({0,1})+21o ~ ff({0,1, ---, k +  l}) (4.3t 
k=l k(k+l)(k+2) 

Combining (4.2) and (4.3) yields 

- 1  + ( 2 + 2 )  ff({0})- 2+1 ~({0, 1}1+22 k(k+l)(k+2) 
k = l  
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On the other hand, it is easily obtained that for x ~ [0, 1 ] 

xk+: _--l--(1--x)21og(1--x)+~x2---- 
k=l k(k+l)(k+2) 2 

By (4.8), (4.9), and #({0})= 1 -P;L, 

22 
P,~---< 22 +)o + 2 {2pZlogpx+4px-3P~} 

X 
(4.9) 

2 

Therefore, we have the next main result. 

T h e o r e m  4.2. For 2>  1, 

p~ 3 2 + 2  
~<T7 (4.10) 

2 - - 1  2 (3- -21ogp~. )  

By the above theorem, we have more detailed information on the 
critical behavior of p~. 

C o r o l l a r y  4.3. 

Ilog(2-1)1 5 
lira p.~ - -  < ~  (4.11) 
;.~1 2--1 

This result implies that there exists a constant C > 0  such that for 
2 > 1 ,  

; t - 1  p;~C (4.12) 
I log(2-  1)[ 

From (4.12), it follows that if the critical exponent fl exists, then it is 
strictly greater than the mean-field critical exponent fl<~/} = 1 in the weak 
sense. 

R e m a r k  4.4. Let us define 

+ l ) ( n + 2 )  for n = l , 2 , - . .  

where, for any f e q5 and n = 1, 2, .--, 

F -= 
"~0 

f(x) dx 
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and 

It is easily checked that (4.10) is satisfied in the nearest particle system 
with the birth rates /3~.,i(l, r) for any f ~  ~. In the case of the UNPS, i.e., 
f -  1, then 

A F  - n ( n +  1)(n + 2) 

s o f = l E ~ .  

5. S U M M A R Y  A N D  D I S C U S S I O N  

The order parameter px in the UNPS has been studied in the present 
paper from the mathematical point of view. By the correlation identity 
and the F K G  inequality, we obtained the mean-field upper bound 
D2(mf) - - - -  ( 2 -  1)/2 for pz. (See Theorem 3.2.) p~mS) has the critical exponent 
/3(mf)= 1 of the mean-field type. Mountford showed 2 c = 1 recently. There- 
fore, if p;~ ,,~ (2 - ,~e) ~ for )~ > 2c, then/3 >/1. 

A similar procedure gave further information on the critical behavior 
of p;.  Corollary 4.3 implies that if the critical exponent/3 of p~ exists, then 
it is strictly greater than the mean-field critical exponent /3~,~I)= 1 in the 
weak sense. This result contrasts with the ordinary percolation model, for 
which Kesten and Zang ~5) proved that the critical exponent for percolation 
probability in two dimensions is strictly less than one in the strong sense. 
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